We present an SMT encoding of a generalized version of the subterm criterion and evaluate its implementation in T T T 2 .
11:2 The Generalized Subterm Criterion in T T T 2
Noting that the converse of any finite, irreflexive, and transitive relation is again finite, irreflexive, and transitive, Lemma 2 allows us to employ well-founded induction where the induction hypothesis holds for "bigger" elements, as exemplified in the following proof.
Proof of Lemma 1. Since M ≻ mul N we obtain I = ∅, J, and K such that M = I + K, N = J + K, and ∀j ∈ J. ∃i ∈ I. i ≻ j. Let A = I − I ∩ J, B = J − I ∩ J, and consider the finite set D of elements occurring in either of I and J. Now, appealing to Lemma 2, we employ well-founded induction with respect to ≺ ↓D in order to prove: ∀j ∈ J. ∃a ∈ A. a ≻ j ( †)
Thus we assume j ∈ J for some arbitrary but fixed j and obtain the induction hypothesis (IH) ∀c ≻ ↓D j. c ∈ J −→ ∃a ∈ A. a ≻ c. From j ∈ J we obtain an i ∈ I with i ≻ j. Now if i ∈ A, then we are done. Otherwise, i ∈ J and by IH we obtain an a ∈ A with a ≻ i. Since ≻ is transitive, this implies a ≻ j, concluding the proof of ( †). But then also ∀b ∈ B.∃a ∈ A.x ≻ b and A = ∅. We conclude by noting the following two equalities:
A Generalized Subterm Criterion
Recall the subterm criterion -originally by Hirokawa and Middeldorp [4] and later reformulated as a processor for the dependency pair framework -which is a particularly elegant technique (due to its simplicity and the fact that the R-component of a dependency pair problem (P, R) may be ignored).
◮ Definition 3 (Simple projections).
A simple projection is a function π : F → N that maps every n-ary function symbol f to some natural number π(f ) ∈ {1, . . . , n}. Applying a simple projection to a term is defined by π(
Recall that the appropriate notion of finiteness for the subterm criterion is "the absence of minimal infinite chains." For an AC-variant of the subterm criterion (i.e., a variant for rewriting modulo associative and/or commutative function symbols), Yamada et al. [8] generalized simple projections to so-called multiprojections.
◮ Definition 5 (Multiprojections).
A multiprojection is a function π : F → M(N) that maps every n-ary function symbol f to a multiset π(f ) ⊆ M({1, . . . , n}). Applying a multiprojection to a term yields a multiset of terms as follows:
We write s
(t).
A compromise between simple projections and full multiprojections is to allow recursive projections (possibly through defined symbols). While theoretically subsumed by multiprojections, we included such recursive projections in our experiments in order to assess their performance in practice.
The following is a specialization of the AC subterm criterion by Yamada et al. [8, Theorem 33 ] to the non-AC case.
◮ Theorem 6. Let π be a multiprojection such that
This result (which is also formalized in IsaFoR [6] ) states the soundness of a generalized version of the subterm criterion and thus gives the theoretical backing for implementing such a technique in a termination tool. In the following we are concerned with the more practical problem of an efficient implementation. That is, given a DP problem (P, R) we want to find a multiprojection π that satisfies the conditions of Theorem 6 and orients at least one rule of P strictly by ⊲ π mul . Since the problem of finding such a multiprojection seems similar to the problem of finding an appropriate argument filter for a reduction pair [2] , and the latter has been successfully tackled by various kinds of SAT and SMT encodings, we take a similar approach.
Implementation and Experiments
There are basically two issues that have to be considered: (1) how to encode a multiprojection π and thereby the multiset π(s), and (2) how to encode the comparison between two encodings of multisets with respect to the multiset extension of ⊲.
In the following we use lowercase sans serif for propositional and arithmetical variables, and UPPERCASE SANS SERIF for functions that result in formulas.
Encoding Multiprojections. We encode the multiplicity of a term t in the multiset π(s), which is 0 if t does not occur in π(s) at all, by M s (t) = MUL (1, s, t) . The latter is defined as follows Encoding Multiset Comparison. Now consider the problem of finding π such that s ⊲ π mul t for given terms s and t. Noting that, independent of the exact π, π(s) and π(t) are multisets over the finite set of subterms of s and t, it suffices to find an encoding for comparing multisets over finite domains. This allows us to make use of the following observation.
◮ Lemma 7 (Comparing multisets over finite domains). Let D be a finite set, and M, N ⊆ M(D). Then, for irreflexive and transitive
where
2 In experiments, replacing p 
In the former case z ∈ X and we are done. In the latter case z ∈ Y and thus we obtain an x ∈ X such that x ≻ z by IH and conclude ( ‡) by transitivity of ≻. It remains to show 
◭ Encoding the Generalized Subterm Criterion. Putting everything together we obtain the encoding
Here Sub(s, t) denotes the set of all (i.e., including s and t themselves) subterms of s and t, and SAN is a "sanity check" that makes sure that propositional and arithmetical variables play well together. Every satisfying assignment gives rise to a multiprojection π satisfying the conditions of Theorem 6.
Experiments.
We conducted experiments in order to assess our implementation. To this end we took all the 1498 TRSs in the standard (as in "standard term rewriting") category of the termination problem database (TPDB) version 10.3 and tried to prove their termination with the following strategy: first compute dependency pairs, then compute the estimated dependency graph G, and finally try repeatedly to either decompose G into strongly connected components or apply the subterm criterion. For the subterm criterion we tried either simple projections (simple), recursive projections (recursive), multiprojection (multi), or a parallel combination of those (all). In summary, the parallel combination of different kinds of projections results in a significant increase of power (i.e., number of yeses) and does not have a negative impact on the speed, compared to the original implementation of the subterm criterion (simple) of T T T 2 [5] .
Encouraged by this results, we incorporated our new implementation also into the competition strategy of T T T 2 and compared it to its 2015 competition version. In this way, we were able to obtain 12 additional yeses. However, each of those 12 systems could already be handled by some other termination tool in the 2015 termination competition.
